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First-order differential equation

Variation of parameters

dy

dx
+ p(x)y = q(x) (1)

Solution

Solve homogeneous equation dy
dx
+ p(x)y = 0

y0 = C0e
R

p(x)dx

C0 ! C(x) and substitue y = C(x)e
R

p(x)dx into
equation (1).
C(x) =

R

q(x)e
R

p(x)dxdx

Solution: y = C0e
R

p(x)dx + e
R

p(x)dx R q(x)e
R

p(x)dx
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Berry phase

Time-dependent Schrödinger equation

H(t+ T ) = H(t)

iℏ@ 
@t
= H(t) 

H(t)ffin(t) = En(t)ffin(t)

 =
X

n

Cn(t)ffin(t) ’ Cn(t)ffin(t)

iℏ
 

ffin
dCn

dt
+ Cn

dffin

dt

!

= H(t)Cnffin = EnCnffin
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Berry phase

Time-dependent Schrödinger equation
Solution by using Variation of parameters method:

iℏffin
dCn

dt
` EnffinCn = `iℏCn

dffin

dt
(2)

Homogeneous equation:

iℏdCn
dt

= EnCn

logCn = `
i

ℏ

Z t

0
En(s)ds

Cn = C0 exp

0

@` i
ℏ

Z t

0
En(s)ds

1

A

C0 ! C0(t) = C0e
i„(t)

5 / 7



Berry phase

Time-dependent Schrödinger equation

iℏ
 

ffin
dCn

dt
+ Cn

dffin

dt

!

= EnCnffin

iℏ
 

ei„(t)ffin
dCn

dt
+ Cne

i„(t)ffin

 

i
d„(t)

dt

!

+ Cne
i„(t)dffin

dt

!

= EnCne
i„(t)ffin

iℏ
 

ffin
dCn

dt
+ Cnffin

 

i
d„(t)

dt

!

+ Cn
dffin

dt

!

= EnCnffin

ffin

 

d„(t)

dt

!

= i
dffin

dt
Z

drffi˜nffin

 

d„(t)

dt

!

=

Z

dr

 

iffi˜n
dffin

dt

!
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Berry phase

Time-dependent Schrödinger equation

Z

drffi˜nffin

 

d„(t)

dt

!

=

Z

dr

 

iffi˜n
dffin

dt

!

„(t0) =

Z t0

0
dt

Z

dr

 

iffi˜n
dffin

dt

!

Berry phase

„(T )` „(0) = 1
ℏ

Z T

0
dt

Z

drffi˜n
@ffin

@t
6= 0

@

@t
=
dx

dt

@

@x

„(x(T ))` „(x(0)) = 1
ℏ

Z x(T )

x(0)
dx0

Z

drffi˜n
@ffin

@x0
6= 0
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